Abstract. We consider best polynomial approximation to functions analytic in a Jordan domain D and continuous on/5. We relate theorems of Jackson and Bernstein type to the HSlder continuity of the exterior conformal mapping functions for D.
Introduction
Two of the fundamental theorems in the "constructive theory" of approximation by complex polynomials are those of Jackson and Bernstein. We state them in the very simple case that the domain in question is the unit disk A = {[z I < 1}. We write fe Lip(a) on a set S to mean thatf is uniformly HSlder continuous on S with exponent a: there exists a constant K such that for all z~, z2 e S If(z,)-f(z2)l---KIz, -z21".
For a given set S we write Ilglls = sup{Ig(z)l, z ~ S}. The order of best approximation to fort S is E,(f) =inf{llf-P, Ils, P, a polynomial of degree -<n in z}. Then Jackson's theorem for the disk is (J) Iffis analytic in A and Lip(a) on A for a ~ (0, 1],
Bernstein's theorem in this context is
This paper is addressed to the question: for which Jordan domains D are these theorems true?
The answer to this question depends on the behavior of the exterior conformal mapping functions for D. Let A and A* be respectively the interior and exterior of the unit circle in the w plane. We denote the boundary 0D of D by C and Note that our conjectures do not require that C be a quasicircle, so that the sufficiency of the condition for (J) is not established by the results of Belyi and Andreevski. Nor do we address that problem here. We are principally concerned with the necessity of the conditions for (B) and (J). In Section 2 of this paper we use a method of Szeg8 [15] to prove local generalizations of Bernstein's inequality, on which the proof of Bernstein's theorem is based. This celebrated inequality, stated for the disk A is: let P, be a polynomial of degree n with [[ P, We will then use these generalizations, which depend only on the local behavior of 9 at a boundary point, to prove new versions of Bernstein's theorem. One of these is a new proof that ~ ~ Lip(l) on/5" implies Bernstein's theorem. Another will imply that if ~ fails to be Lip(l) at a single point of C in a very weak sense, then Jackson's theorem cannot be true.
In Section 3 we apply the method of strip mappings to study the local boundary behavior of the conformal mappings. First we prove a theorem, of independent interest we believe, that allows us to infer behavior of the mapping function for unrestricted approach to a boundary point from behavior on a "relatively thick" sequence. This result then strengthens our necessary condition for (J) to hold. Then we use a strip mapping to construct a class of examples which are used in examining the necessity of the condition for Bernstein's theorem.
In Section 4 we then use these examples, together with the methods of [2] , to demonstrate that if ~ fails to be Lip(l) at a single point of C, in a weak sense,
